Abstract-In the field of an intense laser, photon-electron scattering becomes nonlinear when the oscillatory energy of the electron approaches its rest mass. The electron wave function is dressed by the field with a concomitant increase in the effective electron mass. When the photon energy in the electron rest frame is comparable to the electron rest mass, multiphoton Compton scattering occurs. When the photon energy is significantly lower than the electron rest mass, the electron acquires momentum from the photon field and emits harmonics. This paper reviews nonlinear photon-electron scattering processes and results from two recent experiments where they have been observed.
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I. INTRODUCTION
T HE interaction (scattering) of light with free electrons is a well-known phenomenon. Thomson scattering, the scattering of an electromagnetic wave from an electron under the condition that the photon energy is much less than the electron rest mass, , was discovered in the late 19th century [1] . Compton scattering, the scattering of a photon and electron under the conditions where the photon energy in the electron rest frame is large enough that electron recoil effects must be included, was discovered in 1923 [2] , and the kinematics were described in 1927 [3] . The scattering of two photons to produce an electron-positron pair was calculated by Breit and Wheeler in 1934 [4] . All of these processes are linear. In Thomson scattering, the electron response to the field is harmonic. In Compton and Breit-Wheeler processes, the scattering rates depend linearly on the photon fluxes. Recent advances in high-intensity-laser systems [5] , [6] have allowed the study of the nonlinear analogues to the scattering processes described above. Nonlinear Thomson [7] and nonlinear Compton [8] scattering have been observed, and an experiment is underway to study nonlinear Breit-Wheeler scattering [9] . In Section II, nonlinear laser-electron scattering is described, both in the Thomson and Compton regimes. Nonlinear photon-photon scattering is described in Section III. Experimental measurements of nonlinear laser-electron scattering are reviewed briefly in Manuscript received August 8, 1996 Sections IV and V for Thomson and Compton scattering, respectively. The conclusions are presented in Section VI.
II. NONLINEAR LASER-ELECTRON SCATTERING
The interaction of an electron with an intense laser field is characterized by [10] (1) where is the rms electric field strength, is the laser frequency, and is the four-vector potential. As defined in (1), has the same value for linear and circular polarization at a given laser intensity. For counterpropagating electron and photon beams, is an invariant, independent of the electron beam energy in the laboratory.
In 1929, Volkov calculated the electron wave function in an electromagnetic wave [11] . One can interpret these wave functions as dressed states of an electron in an electromagnetic field. The electron's rest mass is dressed by the field giving an effective mass, . At low intensities is equal to the ratio of the quiver velocity in the field to the speed of light, and is the ratio of the average oscillatory energy to the rest mass.
is directly related to the ponderomotive potential [12] , [13] , (2) and has the numerical value 3.6 10 (W/cm ) ( m). For 1-m-wavelength light, approaches 1 as the intensity approaches 10 W/cm .
In a quantum mechanical picture, multiphoton-electron scattering processes can be calculated as transitions between dressed states [14] - [16] . Many other quantum mechanical calculations have been carried out. Classically, intense field interactions with electron can be calculated as anharmonic corrections to the electron trajectory, which become prominent as approaches 1 [17] - [20] . The distinction between quantum mechanical and classical descriptions of the interactions of an electron with an intense field is made for convenience. For example, the Volkov states [11] include the classical electron trajectory in the calculation of the wave function. Similarly, the distinction between Thomson and Compton scattering is somewhat arbitrary. The kinematics of multiphoton-electron scattering can be used to explore the different regimes.
An photon-electron scattering process can represent either a single interaction of photons with an electron (multiphoton 0018-9197/97$10.00 © 1997 IEEE or nonlinear scattering), or a series of single photon-electron scattering events (plural scattering), or a combination thereof [8] . The electron kinematics of these two process are almost identical. Fig. 1 shows a representative diagram of the two scattering processes. In Fig. 1 , the electrons are represented as double lines and the vertices as circles to indicate that the scattering takes place in the presence of a strong field and that the electron wave function is dressed by the field. A nonlinear, photon-electron scattering event can be described as a single interaction (3) while a plural scattering event can be described as a sequence of interactions (4) The kinematics of the two processes are almost identical, and the scattered electron energies for counterpropagating electron and photon beams in the laboratory frame can be written (5) where is the initial electron energy with a corresponding velocity parameter, . The incident photon energy is , and is the laboratory scattering angle of the photon, where corresponds to backscattering of the photon. Equation (5) describes the scattered electron energy for a nonlinear, -photon scattering event and is a reasonable approximation for -photon plural scattering. The scatteredelectron energy can be greater or less than the initial electron energy depending on the experimental conditions. The scattered photon energy for a nonlinear, -photon scattering event is (6) Equations (5) and (6) reduce to the well-known Klein-Nishina formula [3] as and and to the standard Compton formula as, in addition, and . One can discuss the relationship between Thomson and Compton scattering by examining the energy change of either the photon or electron during the scattering process. If we first consider the scattering of a single photon from an electron at rest at low intensities, , the energy change is (7) Compton's original scattering experiment [2] was carried out with Mo K-photons with energy of approximately 17 keV interacting with electrons at rest, so 3% and the observed frequency shifts of scattered light were of the same order of magnitude. Recoil electrons with energies of a few percent of the incident photon energy were subsequently observed.
Thomson scattering traditionally refers to the scattering of visible or longer-wavelength light by free electrons with [21] . Under this condition, , the changes in photon and electron energy are ignored in the scattering process. Thomson scattering can be described by treating the photons as an electromagnetic wave, determining the electron response to the wave and the subsequent radiation [21] . This classical picture of the electron's response is discussed below.
Traditionally the distinction between Thomson and Compton scattering has been that for Thomson scattering the electron recoil and photon frequency shift can be ignored because , while for Compton scattering, the photon energy in the rest frame of the electron, , is large enough that the electron recoil and photon frequency shift are nonnegligible. While this distinction is reasonable when single-photon scattering is considered, it becomes less clear when multiple-photon-electron scattering occurs. In this case, the more relevant parameter is . In the Thomson regime, with , sufficiently large numbers of photons can participate in the interaction to make the electron recoil and photon frequency shift nonnegligible. For an electron initially at rest, the scattered-electron energy for an -photon scattering is approximately (8) Thus, if sufficiently large numbers of photons are scattered, the electron can gain an energy comparable to its rest mass. This becomes possible as approaches 1. Equation (8) is equally valid for nonlinear and plural scattering.
In the traditionally Compton regime, the probability of multiphoton, or nonlinear, Compton scattering (9) scales approximately as [16] . As becomes large enough to cause significant scattering, the dressing (shift) of the electron rest mass by the electromagnetic field,
, cannot be ignored. The scattered-photon energy can be related to the incident photon energy for photons colliding with electrons with energy . The maximum backscattered photon energy for head-on collisions is [10] (10) which corresponds to a minimum scattered-electron energy (11) when the photon energy in the laboratory frame is much less than the electron rest energy. Thus, enters both in the rate of multiphoton emission and in causing a shift in the scattered photon frequency due to the mass shift. The Thomson-scattering process, both cross-section and kinematics, is recovered as the low-energy limit of the Comptonscattering cross section [10] .
When the photon energy in the electron rest frame is much less than the electron rest mass, the laser can be treated as an electromagnetic field and the laser-electron interaction can be described classically. When the photon energy in the electron rest frame is comparable to the electron rest mass, the interaction must be treated quantum mechanically and the photon nature of the field must be considered.
The transition to multiphoton-electron scattering in a highintensity laser focus occurs when the oscillatory energy of a free electron in the laser field approaches the electron rest energy. Under these conditions, the electron recoil due to the laser field momentum can no longer be ignored, and free electrons acquire momentum in the direction of the wavevector of the laser. This momentum was predicted from both quantum mechanical [22] - [26] and classical considerations [19] , [20] in the 1960's and in a series of later calculations [27] - [33] .
In the Thomson regime , where the photon energy is much less than the electron rest energy, harmonic emission and a mass shift of the electrons are also governed by [22] - [26] . Under these conditions, the mass shift can be thought of as a Doppler shift associated with the forward momentum of the electrons in the field [25] . The forward momentum arises from conservation of energy and momentum during the dressing of the electron.
An electron in a plane wave is accelerated by the Lorentz force (12) The Lorentz-force equation can be solved by separating it into an equation in the plane of polarization and the direction. The solution of these equations, for an electron initially at rest, is [34] (13) where and is the initial vector potential. In this case, the parallel direction is that of the vector of the laser, and the perpendicular direction is in the plane of polarization. The mass shift of the electron in the field is given by the time average of the equation for . For linearly polarized laser light with, for example, , (13) yields a trajectory that includes anharmonic motion of the electron in the field and a forward drift. The anharmonic motion is a figure-8 motion in the plane made by the laser polarization and vector for linear polarization [18] , [20] , [34] . The nonlinear motion leads to the radiation of harmonics from the laser [17] , [19] , [20] , while the forward motion leads to a wavelength shift of the harmonics as shown in the quantum mechanical calculations [25] . This wavelength shift is equivalent to the quantum mechanical mass shift in the field [25] . The rate of harmonic emission scales approximately as [17] . In circular polarization, the trajectory is circular in the plane of polarization with an angular frequency , and radius (14) The electron also undergoes a drift in the direction of the laser. Harmonics of the laser light are observed due to the modulation of the distance from the radiating electron to the observer [20] . Conservation of momentum and energy during the photonscattering process can be used to derive the relationship between the perpendicular and parallel momenta in (13) [28] , [29] , [35] . If the electron gains an energy from the photon field, it also gains a longitudinal ( direction) momentum . Thus, if an electron, initially at rest, gains an energy , its final parallel momentum will be related to its perpendicular momentum by [28] , [29] , [35] (15) When the electron is in the laser field, the perpendicular momentum is due to oscillatory motion in the field.
In a laser focus, the electron feels a ponderomotive force , which causes the electron to be ejected from the laser focus with a directed kinetic energy equal to its oscillatory energy in the field [12] . The angle of the ejected electron relative to the wavevector of the laser depends on the final electron energy as [28] , [29] , [35] 
Thus, for low intensities, the electron is ejected with an energy much less than its rest mass nearly perpendicular to the direction. In ultrarelativistic conditions , the electron leaves the laser focus almost parallel to the direction.
When an electron is incident on the focus of a laser, it can be scattered by the ponderomotive potential [12] . This effect was observed with low-energy electrons by Bucksbaum et al. [36] .
In an intense field, the interaction of the laser pulse with free electrons yields shifted harmonics of the laser frequency. This is true in both the Compton and Thomson regimes, though in the Compton regime, the scattered-photon energy can be much higher in the laboratory frame than in the rest frame of the electron [10] .
In 1983, Englert and Reinhart [37] reported a preliminary observation of second-harmonic emission from the scattering of a moderate-intensity, multimode laser from a low-energy electron beam. They observed second-harmonic photons with the expected Doppler shift associated with the electron beam. The observed rates were extremely low but appeared to be consistent with predictions [17] , [20] .
Results from two recent multiphoton-electron scattering experiments have been reported. In one experiment, the electrons are initially at rest in the laboratory frame [7] , while in the other, 50-GeV electrons produced at the Stanford Linear Accelerator Center collide with a counterpropagating laser beam [8] . In both cases, nonlinear photon-electron scattering has been observed. These experiments are briefly described in Sections IV and V.
III. NONLINEAR PHOTON-PHOTON SCATTERING
The rate of electron-positron pair production by photon-photon scattering was calculated by Breit and Wheeler in 1934 [4] . For pair production with counterpropagating photons, the product of the photon energies must be greater than the pair mass squared, . When the laser field approaches the QED critical field [38] , , nonlinear photon-photon scattering (17) becomes possible [10] , [15] , [16] , [39] . The photon-energy requirement for nonlinear pair production becomes (18) where is the electron mass dressed by the field. The QED critical field [38] corresponds to the electric-field strength, where an electron gains an energy equal to its rest mass in a Compton wavelength (19) and is equal to 1.3 10 V/cm. The QED critical field corresponds also to binding electric field of the ground state of a hydrogenic ion with nuclear charge equal to 137.
The QED critical field corresponds to a laser intensity of 4 10 W/cm , well beyond the reach of current laser technology [6] . This field strength can be reached, however, in the rest frame of an energetic electron because the laser field transforms as for counterpropagating electron and laser beams. The QED critical-field strength can also be reached in the center of momentum frame associated with the collisions of photons of different energies. For a collision of a high-energy photon with an intense laser, the field strength in the center of momentum frame is (20) Thus nonlinear photon-photon scattering may be observed during the scattering of an intense laser with energetic electrons in a two-step process [9] , [39] . High-energy gammas produced by Compton scattering can subsequently interact with the laser field, leading to the production of electron positron pairs. The ratio of the laser field in the rest frame of the electron is to the QED critical field has been given the symbol upsilon, .
IV. NONLINEAR LASER-ELECTRON SCATTERING IN THE THOMSON REGIME
When electrons are born at rest through field ionization in a high-intensity-laser focus, they acquire energy and momentum from the laser field through their quiver energy in the field and conservation of momentum. As the electron's kinetic energy approaches its rest energy, the absorption of momentum from the field cannot be ignored and the electrons gain forward momentum. In [7] the experimental observation of electron recoil during high-intensity-laser-electron scattering (Compton scattering) in the Thomson regime with photon energy much less than the electron rest mass, , was described. A particularly simple relationship between perpendicular and parallel momentum derived from conservation of energy and momentum in the field was shown in (15) . In this low-electronenergy experiment, electrons were injected into the field at rest during the ionization of Ne and Kr atoms and ions by a high-intensity laser [7] , [40] . The electrons gained both energy and longitudinal momentum from the field. They were subsequently accelerated out of the focus by the ponderomotive force, retaining their longitudinal momentum. A schematic of the experimental interaction is shown in Fig. 2 . Electrons born by field ionization undergo oscillatory motion plus a drift in the direction. The ponderomotive force connects the oscillatory energy to directed kinetic energy and the electrons escape the focus with both practical and longitudinal momentum.
A magnetic spectrometer was used to measure the energy and angular (relative to ) distributions of electrons emitted from a high-intensity-laser focus [41] . The spectrometer consists of an energy-resolving magnet and a detector consisting of a scintillator coupled to a photomultiplier tube (PMT). The magnet lies in a plane above the focus with an energyangular resolving gap. The central axis of the spectrometer is perpendicular to the -direction of the laser and passes through the laser focus. The angular distribution of electrons relative to the laser is measured by rotating the spectrometer about its central axis . The energy is resolved by varying the magnetic field in the gap. The energy window of the spectrometer was varied by changing the magnetic field in the gap of the steering magnet and was calibrated using an electron gun placed at the laser focus and aimed toward the gap in the steering magnet. The calibration showed an energy window of FWHM. The angular distribution of electrons in (relative to ) is measured by rotating the entire spectrometer about the cylindrical axis that passes through the laser focus at 90 to the laser axis. The gap in the magnet is offset from the central axis of the spectrometer and is always aligned so that a clear line of sight can be traced from anywhere on this central axis through the gap in the magnet. The angular resolution is 1.5 . The experiments were conducted with a 1.053-m, 1-ps laser using chirped-pulse amplification (CPA) [42] . The laser is focused with optics producing a 5-m ( radius) focal spot and a peak laser intensity of approximately 10 W/cm into neon and krypton at a pressure of 10 torr with circular polarization.
In experiments by Moore et al. [7] , the angular and energy distributions of electrons injected into the field during the field ionization [43] of Ne and Kr were measured. Electrons associated with Ne emerged from the circularly polarized focus with an energy of 80 5 keV and at an angle of 75 1.5 from the laser axis ( direction). These results were extended to the observation of electrons injected during the production of Kr and Kr [40] . The energy and angular spectra are in good agreement with the predictions of calculations that include the relativistic mass shift. Fig.  3 shows the observed energy and angular distribution for Ne -Ne and Kr , and Kr (from [7] and [40] ). In all cases, the observations are in good agreement with the relativistic calculations, with the energies predicted by classical field ionization [43] and subsequent ejection from the focus by ponderomotive and canonical momentum effects. The solid curve is that predicted by (16) . The energy and angular spectra were in good agreement with the predictions of calculations that include the relativistic mass shift [7] , [40] . For electrons from the highest charge states from Kr, differences in the energy and angular distribution due to the electron mass shift in the field were observed [40] .
V. NONLINEAR LASER-ELECTRON SCATTERING IN THE COMPTON LIMIT
Nonlinear Compton scattering of two to four laser photons has been reported during the interaction of a high-intensity laser ( 10 W/cm ) counterpropagating with 47-GeV electrons at the Stanford Linear Accelerator Center [8] . In this case, the photon energy in the electron rest frame is comparable to the electron rest mass . intensity for a variety of electron energies corresponding to n = two-, three-, and four-photon nonlinear Compton scattering. The shaded areas are the theoretical predictions for the electron spectra determined by simulating the interaction using the rates from [10] , [15] , [16] . (From [8] ).
The electron beam interacts with a 0.5-Hz-repetition-rate, 1-m, 1-ps, terawatt, CPA laser system using a flashlamppumped, Nd:glass, zigzag slab amplifier [44] . The laser produces infrared pulses with energies greater than 2 J with an average power in excess of 1 W and 1.4-times-diffractionlimited focusing. Frequency doubling of these pulses is accomplished with up to 55% efficiency. The laser has been synchronized with a 47-GeV electron beam at the Stanford Linear Accelerator with a temporal jitter of 2 ps between the two beams [45] .
In the experiment, the scattered electrons are observed by passing them through a magnetic spectrometer and detecting them with segmented silicon calorimeters [8] , [9] . The number of scattered electrons as a function of scattered energy is measured. The energy of the electrons undergoing multiphoton Compton scattering can be lower than those allowed for single-photon Compton scattering, as shown in (11) . Thus, the existence of low-energy scattered electrons is evidence for multiphoton Compton scattering. For multiphoton orders higher than 2, plural Compton scattering is significantly less probable than multiphoton scattering. The experiment has observed nonlinear Compton scattering with up to four photons participating in a single scattering event. Fig. 4 shows the normalized yield of scattered electrons as a function of laser intensity for a variety of electron energies corresponding to two-, three-, and four-photon nonlinear Compton scattering. The shaded areas are the theoretical predictions calculated by numerically simulating the interaction using the rates from [10] , [15] , [16] . The observed multiphoton Compton scattering cross sections were found be in good agreement with the nonlinear QED predictions for laser wavelengths of 1.053 and 0.527 m [8] .
In this experiment, the laser field strength in the electron rest frame approaches the QED critical field corresponding to a laser intensity of approximately 10 W/cm , 1. Electron-positron pairs due to multiphoton-photon scattering can be created in a two-step process during this interaction [9] . After Compton scattering, the high-energy scattered photon ( 30 GeV) can interact further with the laser field producing electron positron pairs via the process described in Section III. Positron production during multiphoton light by light scattering has been observed in these experiments [46] .
VI. CONCLUSION
In the focus of a high-intensity laser, photon-electron and photon-photon scattering processes become nonlinear. The electron's oscillatory energy in the field can exceed its rest mass. Recent experiments have observed nonlinear scattering processes during laser-electron scattering with low-energy electrons born at rest [7] and with 46.6-GeV electrons [8] . Studies of nonlinear inelastic photon-photon scattering are underway [9] , [46] . In the past few years, advances in laser technology have begun to open up a new area of high-field studies where the traditional boundaries between Thomson and Compton scattering become less clear. For example, nonlinear Compton scattering of photons and an electron takes place in the presence of an intense laser field, mixing quantum mechanical and classical pictures.
